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1. INTRODUCTION 
Let H be a real Hilbert space. A mapping T with domain D(T)  and range R(T)  in H is called 
a pseudocontraetion (see, for example, [1]) if 
• []Tx - Tyll 2 <_ ]i x - y[I 2 + I](I - T)x -  ( I  - T)yi] 2, (1) 
for all x, y E D(T) ,  where I denotes the identity operator. It is easy to show (see, for example, [1]) 
that (1) is equivalent to the inequality: (Tx -  Ty,  x -  y) <_ ]i x -yi]2. T is called a hemicontraction 
(see, for example, [2-5]) if F(T)  = {x e D(T) :  Tx  : x} # O and 
i iTx _ pl]2 ~_ [i x _ p[]2 + ii x _ Tx[]2, (2) 
for all x E D(T)  and x* E F (T) .  Clearly, a pseudocontraction with a nonempty fixed-point set is 
a hemicontraction. An example of a hemicontraction which is not a pseudocontraction is given 
in [2]. 
The importance of pseudocontractive maps stems mainly from its firm connection with the 
important class of monotone operators. A mapping T with domain D(T)  and range R(T)  in H 
is called monotone if 
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(Tx  - Ty,  x - y) >_ 0, 
for all x, y E D(T) .  Furthermore, T is called hypermaximal monotone (see, for example, [6]) i fT  is 
monotone and ( I  + rT ) (D(T) )  = H for all r > 0. It is easy to see that T is pseudocontractive f 
and only if ( I  - T) is monotone. Thus, the mapping theory for monotone operators is intimately 
related to the fixed-point heory of pseudocontractive operators. For detailed results on the 
applications of monotone operators, the reader may consult [6,7]. 
It is well known (see, for example, [6, p. 100, Theorem 11.2] that if H is a real Hilbert space 
and T : H --~ H is a continuous hypermaximal monotone operator such that ]lTxJJ --, oc as 
]JxJJ --* c~, then T is surjective. That is, 
Tx  = f (3) 
has a solution for a given f E H. 
Iterative methods for approximating fixed points of Lipschitz pseudocontractive maps which 
map nonempty convex compact subsets K of H into itself have been studied by several authors 
(see, for example, [4,5,8,9]). The first result in this direction appears to be the following result 
of Ishikawa. 
THEOREM I. (See [8, p. 147].) Let H be a Hilbert space and let K be a convex compact subset 
of  H.  Let T : K --+ K be a Lipschitz pseudocontraction and let {OLn}~C=I and {/~n}nCX)=l be real 
sequences in [0, 1] satisfying the conditions 
(i) 0_< an <_/3n_< 1, n>_ 1, 
(ii) limn-~o~/3n = O, 
(iii) oo 
Then the sequence {Xn}n°°__l generated from an arbitrary xl E K by 
yn = (1 -  ~3n) xn + j3nTxn, n >_ l, 
Xn+ 1 = (1 - an) Xn + anTyn,  n > 1 
converges trongly to some fixed point of  T. 
The sequence {xn} of Theorem I is now generally called the Ishikawa iteration method. In [4], 
Qihou extended this result to the more general class of hemicontractions. 
Other convergence theorems for the iterative approximation of fixed points of pseudocontrac- 
tions have also been confined to convex compact subsets of H (see, for example, [5,9]). Con- 
sequently, these results cannot be applied for the iterative approximation of solutions of the 
equations (3) where T : H ~ H is monotone and (3) has a solution. 
Let K be a closed convex subset of H and T : K --~ K a Lipschitz pseudocontraction. It 
is our purpose in this paper to prove weak and strong convergence theorems for the iterative 
approximation of fixed points of T using the Ishikawa iteration method with errors in the sense 
of Xu [10] which is more general than the iteration method of Theorem I. Furthermore, we prove 
weak and strong convergence theorems for the iterative approximation of solutions (when they 
exist) of the operator equation Tx  = f when T : H -~ H is a Lipschitz monotone operator. 
Most of the important convergence r sults for the case when K is compact follow easily from our 
results. 
2. MAIN  RESULTS 
We start with the following results. 
LEMMA 1. Let (E, (.,)) be an inner product space. Then, for all x, y, z E E and a,/3, 7 E [0, 1] 
with a +/3 + 3' = 1, we have 
+ + 7z l l  2 =  llxll 2 +  livll 2 +  ll ll 2 - - v i i  2 - - -  711y - z l l  (4 )  
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PROOF. 
I lax + ~y + ~zl l  2 = (ax  + ~y + ~z ,  az  + ~y + ~z)  
= a211xll 2 + ~2llyll2 + 7211zll 2 + 2a~ Re(x, y) + 2a7 Re(x, z) + 2~7 Re(y, z) 
= a211xl12 + ~211y112 + 7211zll 2 + ~ [llxll 2 + Ilyll 2 - IIx - yll 2] 
+ a7  [llxll 2 + Ilzll 2 - IIx - zll 2] + ~7 [llyll ~ + Ilzll 2 - Ily - zll 2] 
= ~llxl l  2 + ~llyl l  2 + ~llzl l  2 - aDI Ix - yll 2 - av l lx  - zll 2 - ~ l ly  - zll 2, 
completing the proof of Lemma 1. l 
REMARK 1. Observe thgt if A E [0, 1] and we set ~ = 1 - A, 7 = 0 in Lemma 1, we obtain the 
result of Reinermann [11] (see also [S]). 
LEMMA 2. Let {an}~=l, {bn}~=l, and {Sn}~=l be sequences of nonnegative r M numbers atis- 
fying the inequality 
an+l < (1 + 5n) an + b~. 
c¢ ~ oo I f  )-'~n=l n < c~ and ~a=l bn < cx), then limn--.oo an exists. In particular, if {an} has a subse- 
quence which converges strongly to zero, then limn--.~ an = O. 
PROOF. Observe that 
a ,+l  <_ (1 + ~n) an + bn < (1 + 5n) [(1 + 5n-1) an-i + bn-i] + bn 
n n n 
-< "'" <- H (1 ÷Sj )a l  + 1-I ( l+S j )Eb j  
j=l j=l j=l 
oo oo oo 
--~ 1- I  (1 ÷(~j)a 1÷ H (1 ÷S j )Eb j  < ~.  
9=1 j=l j=l 
Hence, {an} is bounded. Let M > 0 be such that an <_ M, Vn > 1. Then 
an+l < (l +Sn) an +bn <an + MSn +bn =an +an, 
where a,~ = MSn + bn. It now follows from Lemma 1 of [12, p. 303] that liman exists. Conse- 
quently, if {an} has a subsequence which converges strongly to zero, th.en lim an = 0, completing 
the proof of Lemma 2. | 
In 1995, Liu [13] introduced the following modification of the iteration method of Theorem I 
which he called Ishikawa iteration method with errors: for E, a normed space and T : E ~ E 
a given mapping, the Ishikawa iteration method with errors in the sense of Liu is the sequence 
generated from an arbitrary xl E E by 
yn = (1-1~n) xn + ~nTxn + un, n >_ l, 
xn+l = (1 - o~n) xn + o~nTyn + vn, n > 1, 
where {an} and {/~n} axe real sequences in [0, 1] satisfying appropriate conditions, and {Un}~=l 
En----1 [[Vn[[ < It is clear V oo and { n},~=l are sequences in E such that ~n=l  Ilunll < c~ and ~.  
that if K is a convex subset of E with xl E K and {Un} and {vn} are sequences in K such that 
En=l°° Ilu~ll < c~ and ~-~n=l~ Ilvnll < c~, then the sequence {xn} need not be well defined, i.e., 
{x,~} need not be in K. 
In [10], Xu introduced an Ishikawa iteration method with errors which appears to be more 
satisfactory than the one introduced by Liu [13]. For K, a nonempty convex subset of E and 
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T : K ~ K a given mapping, the Ishikawa iteration method with errors in the sense of Xu [10] 
is generated from an arbitrary xl c K by 
Yn = anXn ÷ bnTxn ÷ CnUn, n > 1, 
I xn+l = a~nxn + b~Tyn + CnVn, n >_ 1, 
where {an}, {bn}, {an}, {a~n}, {b~n}, and {ctn} are real sequences in [0, 1] such that  an +bn +an = 
! ! 
an + bn + dn -- 1, Vn > 1, and {Un} and (Vn} are bounded sequences in K .  If  {c~n} and {j3n} 
' = (1  - ~n) ,c"  = an  = 0 ,  are sequences in [0, 1] and we set bn = j3n,an = (1 - ~n),b~ = an, a n 
in the above iteration method,  we obtain the original Ishikawa iteration method of Theorem I. 
Some of the advantages of this iteration method over the earlier Ishikawa iteration method with 
errors introduced by Liu [13] are given in [10] (see also Math. Reviews 98k:47125, 99g:47144). 
We now prove the following results using the Ishikawa iteration method with errors in the 
sense of Xu [10]. Nevertheless, we shall indicate at the end how our results carry over to the 
iteration method of Liu [13]. In the sequel, L > 0 is the Lipschitz constant of T. We now prove 
the following. 
THEOREM 1. Let  H be a real Hilbert space and K a nonempty  dosed convex subset o f  H.  Let  
T :  K --* g be a L ipschitz hemicontract ive mapping. Let  {an}, {bn}, {an}, {atn}, {Un} , and {c~} 
be real sequences in [0, 1] satisfying the conditions: 
- ~ +b~+ ~ =l ,n>l ,  ( i) an + bn  + an  - a n c n _ 
(i i) 0 < c < b~n < bn < b < 1, Yn  > 1, for some e > 0 and for some b E (0, l / [(v/1 + L 2) + 1]), 
(iii) oo oo , 
En=X an < C~, En=_ lCn  < (X). 
Let  {un} and {vn} be bounded sequences in K and let {Xn} be the sequence generated from an 
arbitrary x l  E K by 
Yn = anXn ÷ bnTxn + anUn, n > 1 
I Xn+l = a~Xn + b~nTyn + CnVn, n >_ 1. 
Then limn--.o~ HXn - Txn J] = 0. 
PROOF. Since F(T)  ~ 0, let x* E F (T ) .  Since {Un - x*} and {Vn - x*} are bounded, let M > 0 
be such that  JJUn - x*JJ < M, JJVn -- X* H _< M,  Vn _> 1. Using Lemma 1, we obtain 
JJXn+l - x*Jl 2 = IJa~ (Xn - x*) ÷ bin (Tyn - x*) ÷ c~ (vn - x*)[I 2 
= a~ JIxn - x*Ji 2 + bin HTyn - z*JJ 2 + c~ IJVn -- X*]t 2 -- a~nb~ n iJxn - TynJi 2 
- a ' c "  II~n - Vnll 2 - b 'c"  II~n - Tynll ~ (5) 
_ '  ' [  ] '  ~ , ,  < a n JJXn - x*JJ 2 + b n JJYn - x*JJ e + lIYn - TYnII e + CnM - anbn Jixn - Tyni] 2 • 
Furthermore,  we have the following estimates: 
JlYn - x'J] 2 = J0an (Zn - x*) + bn (Txn - x*) + Cn (Un -- x*)ll ~ 
= an JJXn -- X*JJ 2 ÷ bn HTxn - X'J] 2 ÷ Cn J[Un - -  Z* I ]  2 - -  anbn JJzn - Txn]] 2 
- anCn JiXn -- Uni] 2 -- bncn JJUn -- TxnJl 2 
_< an J]Xn - x*JJ 2 ÷ bn [J]Xn -- X*H 2 + JJXn -- TxnH 2] + c~M 2 - anbn Hxn - TxnJl 2 (6) 
= [an + bn] ]JXn -- X*Jl 2 + bn [bn ÷ an] JJXn -- TznJJ 2 ÷ anM 2 
< fan + bn + (1 + n)~bnan] Ilxn - x*ll ~ + b~ II~n - T~nll ~ + anM ~, 
J]Yn - Tyn]{ 2 ---- ]]an (Xn - Tyn)  ÷ bn (Txn - Tyn)  + an (Un - Tyn)]] 2 
= an ]]Xn -- TynJJ 2 ÷ bn ]]Txn - TynJ[ 2 ÷ an JJUn -- TynJJ e - anbn JOXn -- TXnJJ 2 
-- anCn ]]xn - UnJ] 2 -- bnan IJUn -- TxniJ 2 (7) 
<_ an HXn -- TynJl 2 + bn IlTxn - Tynll 2 + an Hun - TynJl 2. - anbn lixn -- Tznl l  2 • 
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Using (6) and (7) in (5), we obtain 
Ilxn+: - x*H 2 <_ [a~ + b~ (an + bn) + (1 + L)2b~bnan] IlXn -- X*II 2 -- b~bn [1 - 2bn] IIXn - Txnl l  2 
+ b~nbncn IlXn -- Txn]l  2 + b~ [an - a~] I[xn - TynH 2 + b~b,~ I [Tx,~ - Tyn l l  2 
P 2 + b~nan Ilun - Tynl l  2 + b~anM 2 + %M 
< [a~ + b~ (an + bn) + 2(1 + L)2cn] Ilzn - x*ll 2 - b~bn [1 - 2bn] ]]xn - Txn]] 2 (8) 
- b" [bn - b'] IlXn TY,~II ~ + c" IIx,~ - TYnll ~ + b'bn IITxn - TY .  II ~ 
+ an II'~n - TYnll 2 + [an + ~'1 M s 
Since tlx + y]l 2 < 2(]JxlJ 2 + IiylJ2), Vx, y e H, then 
I lXn  - -  TynII 2 < 
< 
_< 
< 
2 Ilxn - x'I[ 2 + 2L 2 IlYn - -  X*II 2 
2 I lxn - x*ll 2 ÷ 2L 2 [[an (xn - x*) + bn (Txn  - x*) + an (un - x*)[[ 2 
21IXn- x*ll 2 + 2L 2 {an IIxn - x*ll 2 +bn IITxn - x*ll 2 + an Hun - x*II 2 
-anbn I l xn  - Txn i l  2 - a r ian  I l xn  - un I I  2 - bnan I Iun  - Txnll ~ } 
2 IIxn - x*ll 2 + 2L 2 [an Ilxn - x*]l 2 + L2bn I l x .  - x* t [  2 + cnM 2] 
[2 + 2L 2 (i + L2)] IIxn - x*H 2 + 2L2M 2, 
(9) 
I]u,~ - TynJl 2 <_ 2 LlUn -- X*IJ 2 4- 2L 2 HYn - x*H : 
<_ 2M 2 + 2L 2 Ilan (xn - x*) + bn (Txn  - x*) 4- an (Un -- X*)H 2 
_< 2M 2 + 2L 2 [1 + L 2] Ilzn - x*H 2 + 2L2M 2 
-- 2L 2 [1+ n 2] I lxn-  x*ll 2 4- 2M 2 (1 + L2).  
Furthermore, 
I ITxn - Ty,~l] 2 < 
< 
< 
<_ 
<_ 
<_ 
<_ 
L2 HYn -- XnH 2 
L 2 Ilbn (Txn  - xn)  + an (Un - xn)ll 2 
2 2 L b n IlXn - Txnl l  2 + L2c2n IlUn -- Xnll 2 + 2n2bnan (Txn  - Zn, Un -- Zn) 
L2b 2 IlXn - Tx,~H 2 + n2c 2 IlUn - xn l l  2 + 2n2bnan IlXn -- Txnl l  HUn - Xnll 
L2b2n Ilxn - Txnl l  2 + L2c~ [2 Hun - x*ll 2 + 2 ]]Xn -- Z*ll 2] 
+ 2n2bnan(1 + L)llXn -- X*II []lUn -- X*II + IlXn -- X*II ] 
2 2 2 2 [2M2+ _ L bn l lxn -Tx ,~[12+L c,~ 2]]xn x*H 2] 
+ 2L2bnan(1 + L) I lXn - x*H 2 + 2Mn2bnan(1  + L) I lXn - z*ll 
L2b 2 llxn - Txnl l  2 ÷ [2L2c 2 + 2n2bncn(1 + n)] Ilxn - x*H 2 
+ 2ML2bnan(1  + L) max (1, Ilxn - x*ll } + 2M2L2c  2 
2 2 [2L2c 2 2L2bnan(1 z.l12 n b n Hxn - Txn]l 2 + + + L)] Ilxn - 
+ 2ML2bnan(1  + L ) [1  4- Hxn - x*]] 2] 4- 2M2L2c2n 
2 2 n b n Hxn - Txnl] 2 • 2n2cn [2 + L 4- M(1 + n)] ]lxn - x*ll 2 
+ 2ML2cn[M 4- 1 + L]. 
(:o) 
(1:) 
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Using (9), (10), and (11) in (8), we obtain 
]lXn+l - x*[[ 2 
+ 2L2c,~[2 + L + M(1 + L)] + 2L2cn (1 + L2)} [IXn -- X*[[ 2 
- b'nbn [1 - 2bn - L~b~]  I lxn - Txn l l  ~ - b" [b~ - b: ]  Ilxn - Tyn l l  ~ 
+ 2c~nL2M 2+ 2ML2(M + 1 + L)cn + 2M 2 (1 + L 2) Cn + (Cn + C~n) M 2. 
[d n + b~ (an + bn) -~ 2(1 + L)2cn] [[Xn -- X*[[ 2 -- b~bn [1 - 2bn] Ilxn - Tx,,[[ 2 
- b: [bn - bh l~n -- Tynll ~ +c"  [[2 + 2L ~ (1 + L~)] Ilxn - x*ll ~ + 2L~M ~] 
+ b~nbn{n2b2n [[Xn -- Txn[] 2 + 2n2cn [2 + L + M(1 + L)] [[xn - x*[I 2 
+2ML2cn(M+l+L)}+cn[2L2( l+L2) [ [xn -x* [ [2+21k I2( l+L2) ]  
+ (Cn + C~) M 2 
{a~n + b~ (an + bn) + 2(1 + L)2cn + c:~ [2 + 2L '2 (1 + L2)] 
(12) 
~ +b~n(1-Cn) < 1, Yn > 1, and condition (ii) implies that Observe that  a~n + bin (an + b~) = 1 - b n - c n 
bn -b~ > 0, Vn > 0. It also follows from condition (ii) that (1-2bn -L2b~) >_ (1 -2b-L2b  2) > O, 
Vn _> 1, so that b~bn[1 - 2bn - L2b~] > "e2[1 - 2b - L2b2], Vn > 1. Hence, it follows from (12) 
that  
[[Xn+l - x*[I 2 _< [1 + 5n] [[xn - x*[] 2 - e 2 [1 - 2b - L2b 2] [Ix~ - Txn[[ 2 q- O'n, ?t > 1, (13) 
where 
5n = 2(1 + L)2cn + c~ [2 + 2L 2 (1 + L2)] + 2L2cn[2 + L + M(1 + L)] + 2L2cn (1 + L 2) 
and 
an = 2c~nL2M 2+ 2ML2(M + 1 + L)cn + 2M 2 (1 + L 2) cn + (c~ + C~n) M 2. 
Since ~n~__l 5n < C~ and y~n~=l an < oo, it follows from (13) and Lemma 2 that lim ]]xn - x'l[ 
exists. Thus, {[[xn - x*[[} is bounded. Let M > 0 be such that [lxn - x*l[ _< M, Vn _> 1. Then 
it follows from (13) that 
[ IXn+l _ X*[[ 2 ~ I]Xn _ X*[12 _ £2 [1 -- 2b - L2b 2] I[xn - Txn][ 2 -k "~n, 
where An = M26n + an. From (14), we obtain 
Vn _> 1, (14) 
oo  
I1 - iix, < ,ixx -  *11 ÷ _< iiXl x.iI ÷ E 
j= l  j= l  j= l  
i oo  oo  S nee ~n=l  An < e~, it follows from (15) that ~=1 Ilxn-Zx~[r 2 < oo, so that l iml lxn-Zxn[ I = O, 
completing the proof of Theorem 1. | 
REMARK 2. Suppose the hypotheses of Theorem 1 are satisfied and suppose {xn} has a subse- 
quence {Xnj } which converges trongly to some point p. Then p E K and by the continuity of T, 
Txnj --* Tp as j --. oo. Hence, l im j~ []xn~ - Txn~ [[ = lip - TpH = 0, so that p c F(T) .  Thus, 
[]Xn+l - p[]2 < I[Xn _ p[]2 + An, SO that it follows from Lemma 2 that lim [[Xn - x*]] = 0, i.e., 
{x,~} converges trongly to a fixed point of T. Hence, we can conclude that under the hypotheses 
of Theorem 1, either {Xn } converges trongly to a fixed point of T or else {xn } has no subsequence 
which converges trongly. In particular, if K is compact, then {xn} converges trongly to a fixed 
point of T. Furthermore, if T is demicompact or completely continuous, then {Xn} converges 
strongly to a fixed point of T, where a mapping T : D(T) C_ H ~ H is called demicompact (see, 
for example, [1]) if it has the property that whenever {Xn} is a bounded sequence in D(T)  and 
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{Xn -- Txn}  converges trongly, then there exists a snbsequence {Xnj } of {Xn} which converges 
strongly. 
For our next theorem, we shall need the following definition. 
DEFINITION. A mapping T : D(T )  q H ~ H is said to be demiclosed at a point p (see, for 
example, [14]) if, whenever {Xn} is a sequence which converges weakly to x and {Txn} converges 
strongly to p, then Tx  = p. 
THEOREM 2. Let T : H --~ H be a Lipschitz pseudocontractive mapping with F (T )  ¢ O. Let 
a' b' c' {an}, {bn), {Ca}, { n}, ( n}, { n}, £, and b be as in Theorem 1. Let {Un} and {Vn} be bounded 
sequences in H and let {xn} be as in Theorem 1. Then, {Xn} converges weakly to a fixed point 
o fT .  
PROOF. It follows from Theorem 1 that {Xn} is bounded, so that it has a subsequence {Xnj} 
which converges weakly to some point p. From Theorem 1, we obtain limj__,ooHXnj - Txn i  I[ = O. 
Since T is pseudocontractive and Lipschitzian, then (I - T) : H ~ H is monotone and Lip- 
schitzian, and hence, hypermaximal monotone. Hence, it follows from Theorem 3.18(b) of [7, 
p. 46] that (I - T) is demic|osed, so that ( I  - T)(p) = 0. Thus, p E F (T) .  Suppose {xn} does 
not converge weakly to p. Then there exists another subsequence {xm~ } of the sequence {Xn} 
which converges weakly to some point q ¢ p. Then, ~ in the case of p, we obtain q E F (T )  and 
it follows from Theorem 1 that lim Nxn - P[[ and lim [[Xn - ql] exist. Let dl = lim I[xn - P]I and 
d2 = lim I[Xn - q][. Then using Lemma 1 of [15, p. 592], we obtain 
dl = liminf ]lxnj - Pll < liminf I[Xn~ - q[I = d2 = liminf Ilx,~k - qi] < liminf []Xmk -- ~')1] = dl, 
which is a contradiction. Hence, {xn} converges weakly to p ~ F (T ) ,  completing the proof of 
Theorem 2. | 
THEOREM 3. Let  T : H --~ H be a Lipschitz monotone operator and let f E R(T) .  Define 
S : H --* H by Sx  = f + ( I  - T)x .  Let {an}, {bn}, {cn}, {a~n}, {bn, }, {C/n}, e, and b be as 
in Theorem 1. Let {un} and {Vn} be bounded sequences in H,  and let {xn} be the sequence 
generated from an arbitrary xo E H by 
Yn : anXn -~ bnSxn 4- Cn~tn, 7l ~__ 1, 
' + b~Syn i -~ ~-CnVn, n ~ 1. Xn+l anXn 
Then lira [[xn - Sxnl[ = O. 
PROOF. Since f E R(T) ,  Tx  = f has a solution. Let x* denote a solution of the equation 
Tx  = f .  Then x* is a fixed point of S and S is Lipschitz with Lipschitz constant L,  = (1 + L). 
Furthermore, 
(Sx -@,x -y}=l l  x -y l l  2 - (Tx -Ty ,x -y )_< II x-y112. 
Therefore S is pseudocontractive, and since F(S)  ~ 0, it follows that S is hemicontractive. The 
rest of the proof now follows as in the proof of Theorem 1 and is therefore omitted. | 
REMARK 3. As in Remark 2, one can easily show that under the hypothesis of Theorem 3, either 
{Xn} converges trongly to a fixed point of S which is a solution of Tx  = f or else {Xn} has no 
subsequence which converges strongly. 
THEOREM 4. Let  T : H -~ H be a Lipschitz monotone map and let f • R(T) .  Let S, {an}, {bn}, 
b' c' {Cn}, {atn}, { hi, { n}, {Un}, {Vn}, £, b, and {Xn} be as in Theorem 3. Then, {xn} converges 
weakly to a solution of the equation Tx  = f . 
PROOF. Using Theorem 3, the proof follows as in the proof of Theorem 2. | 
COROLLARY 1. Let H be a real Hilbert space and let T : H --~ H be a Lipschitz nmnotone 
operator such that NTx]I --~ 0o as ]]x]] --~ c~. For any given f E H, let S, {an}, {bn}, {Ca}, {a~}, 
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{b~}, {c~n}, {un}, {vn}, e, b, and {xn} be as in Theorem 3. Then, {Xn} converges weakly to a 
solution of the equation Tx  = f . 
PROOF. The existence of a solution to the equation Tx  = f follows from Theorem l l .2 of [6, 
p. 100] and the result now follows from Theorem 4. | 
REMARK 4. Suitable choices of e, b, and our real sequences are 
1 1 n 
e= , b= bn ' : 
4 [ ( ~  + 1] 2 [ ( ~  + 1]' = bn 2(n + 1) [ (~)  + 1]' 
, 1 , n+l  
cn=cn=2(n+l ) (n+2) [ (~+l ] '  an=an=l -2 (n+2) [ (~+l ] "  
The proofs of the following theorem and corollaries for the Ishikawa iteration method with errors 
in the sense of Liu [13] are omitted because the proofs follow by a straightforward modification 
of the proofs of the corresponding results for the Ishikawa iteration method with errors in the 
sense of Xu [10]. 
THEOREM 5. Let H be a real Hilbert space and let T : H --* H be a Lipschitz hemicontraction. 
Let {un} and {vn} be sequences in E such that ~n°0__1 Hun[[ < oo and ~nC¢=1 [[vn[] < oo, and let 
{an} and {/~n} be real sequences in [0, 1] satisfying the condition: O < e < an <_ 3n < b < 1, 
Vn  > 1, for some e and for some b 6 (0, 1/[(v~ + L 2) + 1]). 
Let {Xn} be the sequence generated from an arbitrary X 1 E by 
yn = (1 -  /3n) Xn + ~nTxn + u~, n > l, 
Xn+l  = (1 -- an)  X n -[- anTyn + Vn, n > 1. 
Then lim IlXn - Txnl] = O. 
COROLLARY 2. Let T : H --* H be a Lipschitz pseudocontraction with F(T)  # 9. Let {an}, 
{~,~}, {u,},  {Vn}, C, b, and {Xn} be as in Theorem 5. Then, {xn} converges weakly to a fixed 
point of T. 
COROLLARY 3. Let T : H --* H be a Lipschitz monotone operator and let f E R(T).  Define 
S :  H --* H by Sx  = f + (I  - T)x.  Let {an}, {~3n}, {un}, {vn}, e, and b be as in Theorem 5. Let 
{xn} be the sequence generated from an arbitrary Xl E H by 
yn = (1-13~) xn + /3nSx~ + un, n > l, 
xn+1 = (1 - an) Xn + anSyn + vn, n > 1. 
Then lim I[Xn - Sxn[[ = O. 
COROLLARY 4. Let T : H ~ H be a Lipschitz monotone operator and let f e R(T).  Let S, 
{an}, {13,}, {u,}, {vn}, e, b, and {xn} be as in Theorem 5. Then, {xn} converges weakly to a 
solution of the equation Tx  = f . 
REMARK 5. Our  convergence r sults appear to be the first convergence r sults for pseudocon- 
tractions T : K C_ H --* K for which compactness or boundedness requirement is not imposed on 
the subset K. In [16], Verma studied the class of mappings which he called generalized pseudo- 
contractions. He called a mapping T : D(T) c H --+ H a generalized pseudocontraction if there 
exists a constant r > 0 such that 
<Tz - Ty ,  z - y> <_ r l l x  - Yl I : ,  
for all x, y 6 D(T).  For K a nonempty closed convex subset of a real Hilbert space H, Verma 
approximated fixed points of Lipschitz generalized pseudocontractions T : K --* K for the case 
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where r < 1. Observe that  if r < 1, then T is strongly pseudocontract ive.  Since T is pseu- 
docontractive if r = 1, Verma's results are not valid for pseudocontractions. Moreover, it is 
now well known (see, for example, [17-19]) that  if E is an arbitrary real Banach space, K a 
nonempty  closed convex subset of E,  and T : K --* K a Lipschitz strong pseudocontract ion (i.e., 
(Tx  - Ty ,  j (x  - y)) < rl lx - yll 2, where r < 1 and j is the normalized ual ity mapping),  then 
T has a unique fixed point and both the Mann and Ishikawa iteration methods (with errors) 
converge strongly to the unique fixed point of T. 
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